We study the process of runaway, unstable Roche lobe overflow in coalescing binary systems and its dependence on the properties of the binary involved. We create three-dimensional hydrodynamic models of binary coalescences, and follow them through a phase of increasing Roche lobe overflow until the accretor is engulfed by the donor at the onset of a common envelope phase. In these models, we vary binary properties of mass ratio, donor structure and spin, and equation of state through the gas adiabatic index. We compare the numerical results to semi-analytic models of binary orbit evolution based on mass and angular momentum exchange between two point masses. Using our hydrodynamic simulations, we measure the key parameters: the donor mass loss rate and the angular momentum exchanged per unit mass loss from the donor. Using these calibrations, the semi-analytic model closely reproduces the escalating mass loss and runaway orbital decay observed in the hydrodynamic models.
INTRODUCTION
Binary and multiple star systems are common across the stellar mass spectrum and across stellar evolutionary type (?). They exist with relatively equal frequency in configurations that range from extremely compact to so widely separated as to be barely gravitationally bound (e.g. Moe & Di Stefano 2017) . The closest of these systems directly interact as the stars evolve and change in radius (De Marco & Izzard 2017 ). These interactions have many possible outcomes, among them the runaway coalescence of the two stars following a phase of unstable mass transfer. These runaway coalescence events mark the onset of common envelope phases, in which one star engulfs its more compact companion and the two stellar cores spiral closer within a shared envelope (Paczynski 1976) .
In at least one case, such a runaway orbital decay has been directly observed -in the pre-outburst lightcurve of v1309 Sco (Tylenda et al. 2011 ). This binary sysmorgan.macleod@cfa.harvard.edu tem was identified as an eclipsing binary with a decreasing orbital period in archival data from the years prior to its 2008 outburst (Mason et al. 2010; Tylenda et al. 2011) . Pejcha (2014) and Pejcha et al. (2017) have demonstrated that a model that reproduces the orbital decay and lightcurve morphology in this object involves non-conservative mass loss, in which material trails away from the binary near the outer Lagrange point, L 2 (also see Pejcha et al. 2016a,b; .
In other cases, orbital decay is inferred to precede outbursts similar to v1309 Sco, which define the emerging class of luminous red novae (e.g. Kochanek et al. 2014; Dong et al. 2015; Kurtenkov et al. 2015; Williams et al. 2015; Blagorodnova et al. 2017; MacLeod et al. 2017; Adams et al. 2018; Pastorello et al. 2019) . Recurring features of these systems include precursor activity -slow brightening or dimming -prior to outburst (Tylenda et al. 2011; Dong et al. 2015; Blagorodnova et al. 2017; Pejcha et al. 2017) , and a very rapid timescale of days to weeks rise to peak of the flares themselves (Mason et al. 2010; MacLeod et al. 2017) . A priori, the origin of this rapid timescale in a binary system with similar orbital period is not immediately obvious. MacLeod et al.
(2018a) studied a hydrodynamic simulation to demonstrate that these rapid timescales originate in the runaway of orbital decay and mass ejection that result as the end stage of unstable mass exchange. MacLeod et al. (2018a) also found that a semi-analytic model of mass and angular momentum exchange between point masses in a binary pair reproduced the main features of their simulated model.
A complicating property of binary and multiple star interactions is that binaries come in many combinations of orbital configuration and constituent objects. In this paper, we present a suite of hydrodynamic models of binary coalescence from separations near the Roche limit until the more-compact accretor is engulfed within the donor. We vary properties of binary mass ratio, donor star structure and spin relative to the orbit, and gas equation of state. We study the effects of these differences on the dynamics of runaway orbital decay and the binary coalescence that leads to a common envelope phase. In so doing, we measure the key parameters that define the point-mass orbit evolution model. We describe and release a python software package for rapid orbit integration using these parameters as calibrated by our hydrodynamic simulations.
The outline of this paper is as follows. In Section 2, we describe the analytic framework of mass exchange in a point-mass binary pair, and the key unknown quantities in this model. In Section 3, we describe our hydrodynamic simulation method and model parameters. In Section 4, we discuss the measurement of the mass loss rate from the donor star. Section 5 discusses the measurement of the specific angular momentum of material lost from the binary. Section 6 discusses the resultant orbital evolution, and combines these measurements to produce reconstructed orbital evolutions from analytic theory. In Section 7, we discuss some implications of our findings for observed systems like v1309 Sco, and Section 8 summarizes our conclusions.
ANALYTIC FRAMEWORK
We start by reviewing the semi-analytic framework for binary orbital evolution and identify key, unkown parameters that we will measure in our simulated systems (see the review of Shu & Lubow 1981 , for a more extended discussion).
Orbital Evolution
The coupling of orbital evolution to mass and angular momentum exchange in a binary system can be expressed as an ordinary differential equation in the limit where we treat the binary components as point masses in circular orbit. Then,
for the case of fully non-conservative mass loss from a binary system (Huang 1963) 1 . Here M d is the mass of the donor star, M a is the mass of the accretor star, a is the binary separation of the circular orbit, and γ loss is a dimensionless specific angular momentum of material leaving the binary,
the ratio of the specific angular momentum, l loss , of lost material to the specific angular momentum of the binary, l bin = M d M a /M 2 √ GM a, where M = M d + M a . It is apparent that the rate of orbital evolution is a direct result of the uncertain parameters ofṀ d and γ loss . With knowledge of these parameters, one may estimate the orbit evolution rate (for example the number of orbits remaining until a binary coalesces) as a function of binary properties.
The Mass Exchange Rate
The mass loss rate from the donor star enters into equation (1) asṀ d on the right-hand side. Thus, equation (1) expresses the rate of orbital change on the basis of the mass exchange rate and the specific angular momentum exchanged per unit mass. While this alone is useful, we also wish to know the rate of mass exchange and resulting orbital evolution per unit time.
The strongest influence on the mass exchange rate stems from the binary separation; in binary systems where the donor star overflows its Roche lobe more, the mass transfer rate should be higher. However, many of the donor stars properties (including its structure and rotation) may also affect the mass exchange rate. Measuring those effects is one of the goals of this paper. To do so, we will use a baseline prediction from Paczyński & Sienkiewicz (1972) , who estimated the mass loss rate of a polytropic donor star of index n to be,
Here M d and R d are the mass and radius of the donor, R L is the radius of the Roche lobe (Eggleton 1983) , and 1 Although similar expressions are widely used, a particularly pedagogical introduction is given in O. Pols' binary-evolution notes, Chapter 7, online at http://www.astro.ru.nl/ ∼ onnop/education/ binaries utrecht notes/ τ is the binary orbital period, n = 1/(Γ s − 1), and Γ s is the polytropic index (the logarithmic derivative of gas pressure with respect to density). Some numerical confirmation of this approximation has come through a study by Edwards & Pringle (1987) , using two-dimensional hydrodynamic simulations. MacLeod et al. (2018a) applied this expression to one simulation of binary coalescence, and found that α ≈ 1 reproduced the model behavior quite well (their Figure 7) . Improvements on this model have been presented in the literature with a focus on low mass transfer rates, and the behavior of material near the optical photosphere. For example, Jackson et al. (2017) presented a detailed model that accounts for the presence of atmospheric material above the optical photosphere radius -which determines the degree of Roche lobe overflow in equation (3). Similarly, Pavlovskii & Ivanova (2015) demonstrated the importance of the thermodynamics of the outermost layers involved in the mass-transferring flow. These effects may be particularly important on objects with hot, irradiated surface layers, as in x-ray binaries or close in planets (Jackson et al. 2017) . We focus on the simple expression of equation (3) for comparison to our numerical simulations in Section 4 because we are only able to study phases of very deep Roche lobe overflow compared to most models of binary mass exchange and because the more detailed thermodynamics of radiatively cooling flows are not present in our hydrodynamic calculations.
The Value of γ loss
A second key uncertainty that we will use our numerical models to asses is the specific angular momentum of material lost from the binary, parameterized by γ loss . Although a priori we do not know the value of this parameter in a given binary system, several guiding values serve as useful benchmarks (Huang 1963 ):
(i) The specific angular momentum of the donor star,
(ii) The specific angular momentum of the accretor star, l a = M 2 d /M 2 √ GM a, which implies γ a = M d /M a ; and (iii) The specific angular momentum of the outer Lagrange point near the secondary, L 2 , (Pribulla 1998) .
For illustrative purposes, case (i) might occur if the donor were losing material via a wind that is unaffected by the accretor. Case (ii) might occur if the donor transferred material to the vicinity of the accretor, then it was expelled (this case is sometimes described as isotropic re-emission). Finally, the L 2 Lagrange point represents the lower of two saddle points in the effective potential of the binary system from which material could conceivably escape from the binary, leading to case (iii).
Across the range of binary system behavior, we expect situations that are approximated by each of these example cases. In previous work, MacLeod et al. (2018a) measured the γ loss for a particular binary system with accretor to donor mass ratio of 0.3 and found that it lay mid-way between γ a and γ L2 .
METHOD AND SIMULATION MODELS
Here we briefly summarize our numerical method, described in detail in MacLeod et al. (2018a) and MacLeod et al. (2018b) , and describe the models analyzed in this paper.
Numerical Method
We model the coalescence of binary systems using the Athena++ hydrodynamics code (Stone, J. M. et al., in preparation) . 2 To do so, we solve the inviscid hydrodynamic conservation equations of mass, momentum, and energy with additional source terms corresponding to the gravitational potential of the binary system. Our models are computed in the orbiting (but non-rotating) reference frame of the donor star in the binary system. We adopt an ideal gas equation of state with adiabatic index γ ad . A full description of the equations solved, source terms, and tests is given in MacLeod et al. (2018a) . A summary of these methods is reported in MacLeod et al. (2018b) .
In general, we model a giant-star donor that fills its Roche lobe and transfers mass onto a less-massive, morecompact donor (treated as a softened point mass). The initial mass of the donor is defined as M 1 and the mass of the accretor is M 2 . The mass ratio of accretor to donor is q ≡ M 2 /M 1 , which is equivalent to M a /M d when the simulation is initialized. Our simulations are performed in dimensionless units such that the donor's original mass, radius, and the gravitational constant are all one, M 1 = R 1 = G = 1. Therefore, the time unit in the simulation is the characteristic donor-star dynamical time, t dyn,1 = (R 3 1 /GM 1 ) 1/2 . Simulated results may be rescaled to physical systems from these values. Several examples of this rescaling are given in Table 1 of MacLeod et al. (2018a) .
Following initialization in the hydrodynamic mesh, we gradually initialize the fully dynamical part of the problem solution as follows. The donor star is mapped from one-dimensional model onto the three-dimensional mesh, after which time it is "relaxed" for 15t dyn,1 , during which time, motion in the r and θ directions of the spherical polar mesh is damped. Next, we progressively turn on the gravitational action of M 2 on the gas over the following 15t dyn,1 . After 30t dyn,1 , the model is fully active.
Simulation Models
We report on a range of simulated binary coalescences in this paper. All models are initialized at separations greater than R 1 at which the donor overflows its Roche lobe. This mass transfer draws the binary closer, leading to the eventual system coalescence. Our models stop when the binary separation reaches 0.6R 1 . With these common features we survey across binary mass ratio, donor-star synchronization state, and donor star structure. A summary of these models is reported in Table  1 .
Our models adopt shared computational domain and spatial resolution. Our spherical polar computational domain surrounds the donor star core and extends from 0.3R 1 ≤ r ≤ 100R 1 . The angular coordinates cover the full 4π solid angle: 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π. The computational domain is spatially decomposed into mesh elements. The base level mesh features 384 × 192 × 384 zones in r, θ and φ. The radial zones are logarithmically spaced, while the angular zones are uniformly spaced (ensuring that zone shapes remain approximately cubical). 3 Two levels of static mesh refinement increase the spatial resolution within the donor star and in the binary equatorial plane (for r < 6R 1 ). The softening radius around M 2 is 0.05R 1 .
Donor star structure in all cases is that of a polytrope featuring a non-zero core mass. Each is selected to have a core of 0.25M 1 within 0.1R 1 . We parameterize these models in terms of their structural polytropic index Γ s , such that P ∝ ρ Γs within the model. Stable solutions of hydrostatic equilibrium are possible where γ ad ≥ Γ s > 4/3. Upon initialization within the hydrodynamic method, the inner portion of the donor-star profile is excised by the inner radial boundary (0.3R 1 in this case) and is added to a point mass representing the enclosed donor material and core, m 1 . Summaries of these properties are given in Table 1 .
Our models with Γ s = γ ad = 5/3 are most relevant to lower mass systems (donor mass less than approximately 8M ) with convective envelopes. In these stars, gas pressure dominates the equation of state of the stellar envelope. Our models with Γ s = 1.35 and γ ad = 5/3 are relevant to lower mass, gas pressure dominated stellar envelopes that are radiative rather than convective (and therefore not isentropic). Radiative envelopes are present in main sequence stars and early evolved stars crossing from the main sequence to the Hayashi track in the Hertzsprung-Russell diagram. Finally, models with Γ s = γ ad = 1.35 are relevant to the convective, isentropic envelopes of high-mass stars (approximately those greater than 8M ) which have an equation of state dominated by radiation pressure.
We examine different degrees of donor star rotation but fix the orientation to be parallel to the binary system's angular momentum vector. In each case, we initialize the donor in solid body rotation with frequency Ω spin . We therefore parameterize our models with the factor f corot , which describes the relation of Ω spin to the orbital frequency, Ω spin = f corot Ω orb . Corotating models, f corot = 1, are of relevance to binaries in which tidal dissipation has acted to synchronize the donor star's rotation to the orbital motion. Situations in which systems may be in asynchronous rotation include when there is too little angular momentum in the orbit to fully spin up the donor (the Darwin (1879) tidal instability (Hut 1980) ) or situations where the donor or orbit is evolving more rapidly than tides can synchronize the donor's rotation to the orbital motion (one such example is a hierarchical triple system undergoing secular oscillations, e.g. Naoz & Fabrycky 2014) .
Models are initialized at a separation a 0 , listed in Table 1. Compared to the Γ s = 5/3 models, the Γ s = 1.35 donor stars have lower-mass, more centrally concentrated envelopes. Additionally, as we will discuss in Section 4.1, the behavior of some of the Γ s = 1.35 models is to strongly contract upon losing their outermost percent of mass. In these cases, mass transfer is initially stable until these layers are removed. Both the low-density outer envelopes and the initial stability of mass transfer for some models would extend the simulation time beyond what is feasible if these systems were initialized at the same separation as the Γ s = 5/3 donor models. We therefore initialize these systems at smaller a 0 , from which point they proceed toward coalescence. Figure  12 ), gas adiabatic index (models G-I in Figure 13 and models J-L in Figure 14 ), and donor structure (models I and M in Figure 15 ).
Model Evolution and Results
In each case, as time progresses the binary separation tightens over time. Mass is removed from the donor star and expelled from the binary system in the vicinity of the accretor. The intensity and morphology of this outflow both depend on the binary separation (as has been discussed in more detail by MacLeod et al. (2018a) and MacLeod et al. (2018b) ) and the properties of the binary. A comparison of the flow properties visualized in Appendix A to the derived properties of the model binary systems is very useful, and we reference these figures in the sections that follow.
DONOR MASS LOSS RATE
Next, we analyze how the mass loss rate from the donor varies with time and binary separation in our simulation models. Because this mass exchange rate sets the normalization of the overall orbital evolution rate, as seen in equation (1), understanding the details of mass loss and exchange is crucial for understanding a binary's orbital dynamics. We compare the mass loss rates to the analytic estimate of Paczyński & Sienkiewicz (1972) , given in equation (3).
Donor Star Radii: Rotation and Mass Loss
The instantaneous mass loss rate from the donor is dictated in part by the degree to which the donor overflows its Roche lobe, as seen in the analytic mass loss rate expression of equation (3). In a coalescing binary, the tightening binary separation modifies the Roche lobe radius and degree of Roche lobe overflow as a function of time. Additionally, rotation and mass loss modify the donor's volume-averaged radius, as we discuss in the following subsections.
Rotating Simulation Initial Conditions
The stars in our simulated systems are both represented on the three-dimensional computational mesh (which has necessarily limited resolution), and put into solid-body rotation. We relax the initial conditions onto the computational domain (as described in Section 3 and MacLeod et al. (2018a)), then measure the numericallyachieved volume-averaged radius of the donor star. We use a model snapshot from immediately after the relaxation period, prior to the introduction of the gravity of the accretor object. In this snapshot, we compute the volume-averaged radius from the sum of the volume of zones of density greater than a threshold density, ρ thresh = 10 −4 M 1 /R 3 1 , as
In general, as the rotation rate increases stars become more oblate and have increased volume-averaged radii. The tabulated values of the volume averaged initial radii are included in Table 1 .
1D Adiabatic Mass-Radius Relations
As the donor loses mass, its structure changes and it settles into a sequence of new hydrostatic equilibria. We therefore need to know the mass-radius relation of our particular donor models in order to characterize how their radius changes in response to mass loss. We compute the adiabatic response of our donor models to mass loss (Hjellming & Webbink 1987) . Adiabatic perturbations are relevant because there is no cooling included in our hydrodynamic models. To construct adiabatic variants of our initial donor star model, we follow the method outlined in Ge et al. (2010) . We integrate the expression of hydrostatic equilibrium, dP/dr = −gρ, where g = Gm/r 2 and m is the enclosed mass. However, we fix ρ based on an algebraic relationship such that the the specific entropy as a function of mass is identical to the original model. Given a model profile, we compute the initial profile of the polytropic constant, K 0 = P 0 /ρ 0 γ ad . Then, within the adiabatic variant model,
Figure 1 presents mass-radius relations for our donor models in hydrostatic equilibrium subject to adiabatic mass loss. Each of the donor models contracts under the influence of mass loss, but to widely varying degrees. The models with γ ad > Γ s contract most intensely at the onset of mass loss because their highest-entropy outer Figure 2 . Mass loss rate from the donor versus time and separation. As the simulation progresses and the binary separation decreases, the donor's mass loss rate increases by orders of magnitude. The overall trend is reproduced very well by the analytic expression, equation (3), shown here with a best-fit normalizing constant of α = 0.71.
layers are removed (Hjellming & Webbink 1987; Ge et al. 2010 ).
Donor Mass Loss Rates and Comparison to Analytic Theory
We are now in a position to derive mass loss rates from our donor stars in our hydrodynamic simulations and compare them directly to the predictions of the analytic theory, equation (3).
4.2.1.Ṁ d as a Function of Binary Mass and Separation
We measure the donor's mass M d in our simulation models by recording the mass within the original donor radius, R 1 . To deriveṀ d , we take the time derivative of the tabulated donor mass as a function of time. We find that instantaneous values of the donor mass loss rate are highly variable on timescales less than the donorstar dynamical time as turbulence in the mass-exchange region impacts the instantaneous transfer rate. To focus on the overall dynamical evolution, we will analyze smoothed mass transfer rates, with smoothing over 1, 3, or 10 t dyn,1 for separations of less than 75% of the Roche limit, 75 to 90% of the Roche limit, and greater than 90% of the Roche limit separation, respectively. Figure 2 shows an example of the donor's mass loss rate in our fiducial simulation model A (Table 1) . Viewed as a function of time, the donor's mass loss rate begins at a small value, but it dramatically increases as the time of merger approaches (here t 1 is the time when the separation is equal to R 1 ). Over the duration of this particular simulation, the mass exchange rate varies by three orders of magnitude. Viewed in units of binary separation, there is a more progressive trend. As the binary separation decreases, the donor's mass loss rate increases, leading to runaway orbital decay (MacLeod et al. 2018a ).
Figure 2 also shows equation (3) for n = 1.5, which corresponds to Γ s = 5/3 (Paczyński & Sienkiewicz 1972) We derive a best-fit value of the normalizing constant α, which we denote α , by least-squares minimization of the difference between log 10Ṁd measured from the simulation and predicted by equation (3). In evaluating the degree of Roche lobe overflow in equation (3), we use the adiabatic donor star radius as modified by rotation and mass loss, as described in Section 4.1. In the case of simulation A, we derive α = 0.71, which sets the normalization of the analytic line plotted in Figure  2 . When correctly normalized and supplied with timevarying donor radii, the analytic expression captures the overall trends and dependencies ofṀ d in both time and separation to a remarkable degree of accuracy.
4.2.2.Ṁ d and Binary Parameters
In Figure 3 we explore the dependence of donor mass loss rate on binary system properties including the mass ratio, degree of donor synchronization, gas adiabatic index, and donor structural index. Solid lines show the simulation results. For each model, we also plot the analytic prescription, normalized by the best fit coefficient, α , for that simulation. Mass ratio, q, plays a large role inṀ d as a function of binary separation. For larger mass ratio, we observe substantially higherṀ d at a given separation. However, this trend is successfully matched by the analytic model, equation (3), as shown by the dashed lines. This indicates that the degree of Roche lobe overflow, R d − R L , is the primary difference between these sequences. The mass ratio affects the size of the donor's Roche lobe at a given separation, so that when q is larger, the degree of Roche lobe overflow is also higher.
Donor structural index plays a similarly large role in determiningṀ d as a function of binary separation. The structural index panel of Figure 3 shows models I and M, with q = 0.1, γ ad = 5/3, and differing Γ s . When Γ s = 5/3, the donor mass loss rate is about an order of magnitude higher than when Γ s = 1.35 at a given separation. Again, we find that the analytic model reproduces the main features of this dependence. Here the difference lies in the concentration of mass as a function of radius within the donor model. When Γ s = 5/3 the donor is less centrally-condensed, and there is more mass at large radii. In terms of the analytic model, this enters through the exponent on the degree of Roche lobe overflow in equation (3).
We observe much more minimal dependencies of the donor mass loss rate on donor synchronization state or the adiabatic index of our ideal-gas equation of state. In these cases, the primary features that depart from the analytic prediction are time-dependent oscillations ofṀ d having to do with tidal excitation of waves in the donor star (MacLeod et al. 2019) , and seen in model snapshots in the Appendix.
The value of α
We have demonstrated that variations inṀ d can be significant under changes to certain properties of the binary system, but in each case, our results are approximated well by the analytic formula. Here we report on our measurements of the best-fit normalizing constant, α , for each model. Figure 4 shows values of α from our derivation under the binary parameter variations. We find values of α that are distributed within a factor of a few of unity for the cases we have modeled. Thus, α ∼ 1 seems to largely approximate the behavior of our data. However, we do find some systematic variations in α with binary parameters, which we also explore in Figure 4 . In particular, α increases with q and γ ad , but decreases with f corot and Γ s . We use least-squares minimization to fit an approximating form of the variation of α with model parameters as
In Figure 4 , the over-plotted points labeled approximation come from this function, and reproduce the main trends of the data. We note that a caveat to equation (5) is that because the parameters are largely varied independently in our experiments, we cannot assure that this functional form applies outside the parameter combinations that have been tested.
It is interesting to speculate on the possible interpertation of some of the parameter dependencies of equation (5). Some of the strong dependence on γ ad can be traced to the derivation of equation (3). Equation (3) originates from the idea thatṀ d = (ρv) L1 S, where S is a cross sectional area of the mass-transfer stream. By relating the degree of Roche lobe overflow to the density from the stellar model and the cross sectional area from the potential, we arrive at the proportionality of equation (3). It is also typically derived assuming that Γ s = γ ad . When rederived following appendix A of Paczyński & Sienkiewicz (1972) (3) with the best-fit normalization. While varying degree of synchronization and gas adiabatic index each have a small effect onṀ d , changing mass ratio or donor structure each can lead to order of magnitude differences inṀ d at a given orbital separation. Comparison to the dashed lines shows that the analytic expression of equation (3) account for some of the observed scaling, but not the full exponent of 5.39. Next, we observe that the coefficient on q is similar to 2/3. In the derivation of (3), it is assumed that only the degree of Roche lobe overflow (R d − R L )/R d affects the stream cross sectional area. If the stream width depends on the hill radius of the accretor, with proportionality q 1/3 , we would arrive at a scaling S ∝ q 2/3 . Looking particularly at the L 1 stream in the left-hand panels of Figure 11 , we note that as q → 1, the equipotential contours and mass transfer stream show broader width.
SPECIFIC ANGULAR MOMENTUM OF EXPELLED MATERIAL
Another key parameter that is a priori unknown in the semi-analytic model is the specific angular momentum that is carried away from the binary with mass loss. We report the values of the specific angular momentum using the dimensionless form, γ loss . Rather than reporting an instantaneous value, we find that it is useful to measure to perform a mass-loss-weighted average of γ loss over the separation interval from a 0 to R 1 , which we denote with brackets: γ loss . We note that a separation, rather than mass, weighted average differs by at most 15% from the mass-weighted results.
In Section 2, we introduced the characteristic values to which γ loss may be compared, the specific angular momentum of the donor, accretor, and that of the outer Lagrange point, L 2 . In Figure 5 , we present the values of γ loss with varying binary system parameters. We plot our results on a normalized scale, ( γ loss − γ d )/(γ L2 − γ d ), such that values range from zero (representing the donor's specific angular momentum) to one (representing the angular momentum of L 2 ). This normalization is helpful, because otherwise the primary trend is the dependence of each of the values of γ on q.
We find that in nearly all of our simulations γ loss lies between the specific angular momentum of the accretor and that of the outer Lagrange point. Qualitatively this fits with the morphology of a mass transferring binary system. Gas is pulled from the donor (in the process acquiring specific angular momentum at the expense of the accretor's orbital motion) and expelled from the vicinity of the accretor, preferentially toward L 2 . The geometry of the outflow near L 2 varies with the depth of Roche lobe overflow, and the degree of synchronization of the donor (MacLeod et al. 2018a,b) , introducing some of the variations we observe in γ loss . Figure 5 shows that γ loss is not particularly sensitive to the initial degree of synchronization or to the gas adiabatic index. It does, however, appear to depend on mass ratio, q. Higher mass ratio systems, with more massive accretors relative to the donor, impart higher normalized specific angular momentum to the mass lost. We additionally find that the structural index of the donor's structural index Figure 5 . Time averaged specific angular momentum γ loss carried away from the binary with mass loss, and its dependence on binary properties. We normalize the results in this figure and the approximating form of equation (6) to the range of specific angular momenta from the donor star to the L2 Lagrange point. For most binary parameters, γ loss is intermediate between γa and γL 2 . For models with Γs = 1.35, we find γ loss ∼ γL 2 .
envelope makes a relatively large difference in γ loss . Donors with Γ s = 1.35 (shown in the adiabatic index and structural index panels) have higher γ loss than donors with Γ s = 5/3. The difference in these models is the degree of central concentration of the donor-star's structure: the lower Γ s models have much more tenuous outer layers. Examining model snapshots, we suggest that this difference may be related to the donor star's adiabatic response to mass loss. The Γ s = 1.35 donor star contracts significantly, and the accretor remains "skimming" further above the surface, rather than plunging into the donor interior for the separations (a ≥ R 1 ) for which we measure γ loss . This in turn affects the gas dynamics of the mass-ejection region. More material is expelled by the Γ s = 5/3 models because the same total angular momentum is more broadly redistributed across mass.
We derive an approximating formula for γ loss , that reproduces the main trends of our simulation. We adopt the same functional form as equation (5), and again use least-squares minimization to fit the parameters. We find,
The results of this formula are plotted in Figure 5 , labeled "approximation".
ORBITAL DECAY DYNAMICS
In this section, we discuss the dependence of orbit evolution rate on binary model parameters. We apply our measurements of the parameters α and γ loss to the point mass orbit evolution expression, equation (1), and compare the results of these integrations to the full simulation models. Figure 6 shows orbital separation as a function of time for each model system. While all the models undergo accelerating orbital decay that causes them to plunge toward coalescence (MacLeod et al. 2018a), the relative rates of decay, and thus total simulation durations, are distinct. These differences are reflected in the lower panels of Figure 6 , in which we present the orbital decay rate, as measured by N decay =τ −1 , the inverse rate of change of the orbital period. It therefore represents the number of orbits for the orbit to decay at a given separation. At large separations N decay can be noisy because the mass transfer rate and thus orbital decay rate are slightly variable (we apply the same smoothing as to the donor mass loss rate, described in Section 4).
Dependence on Binary Parameters
Binary mass ratio leads to obvious differences in the nature of orbital decay. The starting separations for simulations E, A, and F are different -each is initialized near its particular Roche limit separation. Overall, the q = 0.3 model takes much longer to come to the point of coalescence than the q = 0.03 model. In so doing, the q = 0.3 model must remove significantly more mass from the donor star in order to be drawn inward. However, examining the lower panels, we see the reflection of the mass exchange rate versus separation shown in Figure 3 ; at a given separation, the orbit is decaying much faster (over fewer orbits, giving smaller N decay ) when q is larger. The reason for this can be traced to the higherṀ d at a given separation, which we argued is attributable to the larger degree of Roche lobe overflow when the mass ratio is closer to unity.
By contrast, the degree of synchronization does not have a systematic signature in the orbital separation's decay or in N decay . We observe that the different models all coalesce at distinct times, but their variation is not systematic with f corot . Instead we find that individual time-dependent variations (especially interactions with tidal oscillations) introduce some stochasticity. For separations less than about 1.6R 1 we see that N decay is quite similar for values of f corot .
The value of the adiabatic index, γ ad , does imprint a systematic difference in the orbital decay properties. In particular, we see that the lower γ ad , more compressible equations of state lead to somewhat faster orbital decay. Here again, the models with q = 0.3 have slightly lower N decay at a given separation than those with q = 0.1. From Figure 3 , we see that the mass loss rate from the donor is higher for lower γ ad , which yields the faster orbital decay ( Figure 5 shows that the specific angular momentum with which gas is lost is similar across these particular models). The origin of this enhancement in mass transfer rate is the mass-radius relationship of the donor given different γ ad . The higher γ ad models initially contract significantly upon adiabatically losing mass. This reduction of the donor radius decreases the degree of Roche lobe overflow, and consequentlyṀ d and the rate of orbital decay.
Perhaps the most significant distinction in orbital decay properties is seen in the donor-star structure panel on the right-hand side of Figure 6 . The orbit of the Γ s model decays much more rapidly; at a given separation N decay is nearly an order of magnitude larger for Γ s = 1.35 as opposed to Γ s = 5/3. This difference in normalization is again traceable to the donor's mass loss rate, as shown in Figure 3 . The mass loss rate from the Γ s = 5/3 donor is much higher at a given binary separation than that of the Γ s = 1.35 donor. This reflects the difference in the donor star's structures. The Γ s = 5/3 donor star is much-less centrally condensed and therefore has a higher density in its outer layers. An additional, significant factor is the donor mass radius relation for Γ s = 1.35 with γ ad = 5/3, which contracts significantly, also reducingṀ d and increasing N decay .
Reconstruction with Analytic Theory
Having analyzed the origin of runaway orbital decay in escalating mass loss from coalescing binary systems, we now discuss the reconstruction of binary orbits by integrating the point-mass orbit evolution ordinary dif- The rate of orbital decay, as demonstrated by the timescale over which the orbit decreases in separation or N decay , is sensitive to the binary mass ratio and the donor star structure, but significantly less sensitive to donor synchronization or gas adiabatic index.
ferential equations, particularly with parameters motivated by our simulation results.
RLOF Integration Software
To facilitate orbit modeling with the calibrated pointmass evolution equation, we release a python package RLOF 4 that solves the initial value problem for the coupled donor mass loss and orbit evolution. The variables that are evolved are the mass and radius of the donor star, M d and R d , the mass of the accretor, M a , and the separation, a. The evolution of these variables is defined 4 https://github.com/morganemacleod/RLOF by the three equations:
These expressions are similar to (1) and (3), with the exception that the accretor is free to accrete a fraction β of material lost from the donor. The parameters γ loss and α are set by the approximating equations for γ loss and α , (6) and (5), respectively. The donor radius is algebraically defined on the basis of a function R d (M d ), which reflects the adiabatic mass-radius relation. Finally, the radius of the Roche lobe R L is set via the Eggleton (1983) approximation. We note that becausė M d increases as a decreases, the solution generally represents superexponetial decay of the orbital separation. For comparison with our simulation results, we will take the accretor mass to be constant, which implies that the mass exchange is entirely non-conservative and β = 0. However, in RLOF, we also include the option for non-zero β either fixed to a constant or limited by the Eddington-limit mass accretion rate of the accretor.
Results
We begin by presenting example orbital evolutions, both as modeled by our hydrodynamic simulations, and as reconstructed by the point-mass integrations of RLOF. Figure 7 shows simulations with q = 0.1 and q = 0.3, each initialized synchronously rotating, with Γ s = γ ad = 5/3 (Models A and F). We initialize our RLOF integration at a starting time (150 or 300 dynamical times before t 1 , respectively), at which point we match the binary separation and donor mass. The donor radius is set by the rotating donor radius and the mass-radius relationship derived in Section 4.1. We set α and γ loss using the simulation approximations of equation (5) and (6).
Given the runaway nature of orbital decay, small differences along the model's evolution propagate into major distinctions in time of coalescence. For example, variability above or below the predictedṀ d creates lasting changes in the binary separation, and in turn, the subsequent evolution. Nonetheless, and even by this very sensitive metric, the example orbital evolutions of Figure 7 quite reasonably reproduce the overall features of coupled orbital tightening and accelerating donor mass loss. The fit in the case of the q = 0.3 model is particularly good, while the q = 0.1 model shows some variability inṀ d that propagates into slightly offset time of coalescence.
The majority of models are reproduced with similar degrees of success by the RLOF model. Some small differences arise. For example, the γ ad variations for Γ s = 1.35 each show thatṀ d is under-predicted by the analytic expression at a 1.25R 1 , by a factor of about two (Figure 3 ). This offset inṀ d leads to slightly faster coalescence relative to the analytic model (visually similar to the q = 0.1 case of Figure 7) . However, these differences are small compared to the differences between respective simulations, like differences caused by donor-star properties. Figure 7 . Simulated orbital decay (top panels) and donor mass loss rate (bottom panels) for models A and F, which have mass ratio q = 0.1 and q = 0.3, respectively. To compare to reconstructed orbital evolutions with RLOF, we initialize the integration with the separation and donor mass and radius 150t dyn,1 (q = 0.1) or 300t dyn,1 (q = 0.3) before t1. We then integrate forward from these initial values given α = α and γ loss = γ loss , γa, or γL 2 . The RLOF model captures the overall trend of runaway mass transfer and decaying separation to remarkable fidelity. It diverges slightly from the simulated version in cases of variableṀ d , which lead to compounding differences between the simulation and the RLOF model. This effect is most obvious when comparing the more-variableṀ d and separation as a function of time for q = 0.1 to the smoother evolution when q = 0.3.
The most problematic case is the model with q = 0.1 and f corot = 0. We show this evolution in Figure 8 . In this case, the simulationṀ d is nearly two orders of magnitude higher than predicted at the the outset. This is due to resonant tidal waves (with amplitudes of ap-proximately 10% the donor's radius) that set up on the donor star and more-easily allow material to escape the donor's Roche lobe, see Figure 12 and MacLeod et al. (2019) . The lower panel of Figure 8 reproduces the RLOF integration with the donor radius artifically enhanced by 6%, more correctly capturing the overall mass loss rate, but not modeling the time-dependent features inṀ d that have to do with individual tidal wave peaks and troughs interacting with the accretor (MacLeod et al. 2019).
DISCUSSION
In this section we discuss the application of our simulation results, through the RLOF model, to observations of binary systems decaying toward coalescence.
V1309 Sco
The binary system V1309 Sco merged in 2008, accompanied by a 10 magnitude optical flare (Mason et al. 2010) . Later Tylenda et al. (2011) identified the progenitor source as an eclipsing binary with a decreasing orbital period in the years prior to outburst. In the months before the dramatic outburst, periodicity disappeared and the luminosity gradually rose. Pejcha (2014) demonstrated that non-conservative mass loss from a binary could explain the period decrease and eventual optical enshroudment. Later Pejcha et al. (2017) undertook more detailed modeling of the light curve morphology to based on ray tracing through smoothed particle hydrodynamic models of mass loss from the L 2 point of a binary system.
Given the abundance of information available on V1309 Sco, this is an ideal object on which to test modeling of the binary coalescence process. Rather than attempting to perform an identical hydrodynamic simulation, here we apply the RLOF model, which facilitates some exploration of the possible system parameter space. We show two example RLOF integrations in Figure 9 . The upper panel of Figure 9 compares the orbital period decrease to measurements tabulated by Tylenda et al. (2011) and Molnar et al. (2017) . The lower panel shows the corresponding mass loss rate from the donor, and compares to the estimates of Pejcha et al. (2017) , which are derived by fitting radiative transfer models with a given mass loss rate to the lightcurve shape.
The two model lines in Figure 9 represent the different assumptions about the specific angular momentum of material carried away from the binary, γ loss = γ loss (based on simulation results) and γ loss = γ L2 . We initialize both models at an orbital period equal to that of the first data point from Tylenda et al. (2011) , approximately 1.437 d. For each model, we choose the donor Figure 8 . Reconstructed orbital evolution with RLOF for the worst-approximated case, with q = 0.1 and fcorot = 0 case (Model D). The upper panel shows that matching starting conditions yields a wildly different orbital evolution in which the simulation transfers mass nearly two orders of magnitude more rapidly than predicted and the orbit decays much more rapidly. Inspection of the simulation in question shows very strong resonantly excited tidal waves on the donor's surface. These have the effect of easing mass transfer from the wave peaks, and suppressing it in the wave troughs. With the exception of this time-dependent behavoir, the overall rate of decay is much better reconstructed when the donor is artificially made 6% larger in the RLOF integration to approximate the enhanced effective donor size due to tidal oscillations. radius, and hence the degree of Roche lobe overflow, such that the binary merges (reaches separation equal to the donor radius) at the time of the optical peak of the V-band lightcurve, September 6, 2008 (Mason et al. 2010 , reporting on data from the American Association of Variable Star Observers). We adopt q = 0.1, based on estimates from the eclipsing light curve morphology (Pejcha 2014; Zhu et al. 2016; Pejcha et al. 2017) .
As the orbital period decreases from approximately 1.44 d to 1.42 d, the mass loss rate from the donor (and consequently from the binary) increases by an order of magnitude. The upper panel of Figure 9 shows that the simulation values for γ loss = γ loss approximate the curvature of the decaying light curve slightly better than the choice of γ loss = γ L2 . The choice of specific angular momentum affects the normalization of the instantaneous mass loss rate from the binary, as well as the total mass lost to the circumbinary environment. In both cases, the models are broadly consistent with Pejcha et al. (2017)'s estimates from the light curve morphology alone (see Fig 5 of Pejcha et al. (2017) for a similar comparison).
While this particular example fully explores only two model parameter choices, it does illustrate the value of rapid modeling with a calibrated tool like our RLOF integrator. Because individual model integrations have negligible computational cost, one could imagine exploring any degeneracies in the binary parameter space with Markov Chain Monte Carlo to make more robust inferences on the binary properties leading up to coalescence.
N decay -N accel plane
The fact that coupled equations drive the decay of the orbit and mass loss from the donor have constraining implications for the properties of binary systems trending toward coalescence. Because the mass loss rate from the donor sets the orbit evolution rate and the orbit evolution rate sets the rate at whichṀ d changes (via the changing degree of Roche lobe overflow), there is a link between orbital decay rate and the rate of change of the orbital decay rate. One observationally motivated way to express these properties is through the period derivativeτ and the period second derivativeτ . We define two properties: the number of orbits over which the orbital period is decaying, N decay = 1/τ , and the number of orbital periods over which the period decay is accelerating, N accel = |τ /τ |/τ . Figure 10 shows the N decay -N accel plane. We plot two models in this parameter space, one discussed above for v1309 Sco (with γ loss = γ loss ), and the other that matches the orbital period, masses, and reported period derivative of KIC 9832227 (Molnar et al. 2017) . KIC 9832227 was originally reported to be a candidate for a future merger episode. Some of the ephemeris on which this claim was based have since been disproven (Socia et al. 2018) , with a more likely scenario that the system is a hierarchical triple (Kovacs et al. 2019 (2017), light curve fit Figure 9 . Time evolution of the orbital period and donor mass loss rate for v1309 Sco from data and RLOF modeling. RLOF models are initialized to match the first orbital period reported in Tylenda et al. (2011) , and to reach a separation of the donor's original radius at the time of the outburst's V-band peak. Thus constrained, we are able to compare the relative fit of models with differing specific angular momenta of material lost. In the donor mass loss rate panel, we also compare to estimates from the lightcurve derived by Pejcha et al. (2017) , as described in the text. ever, more important for our present purposes is the model used to extrapolate forward and predict the data of merger. Molnar et al. (2017) fit the same functional form as Tylenda et al. (2011) , an exponential of arbitrary scale length, to their data. However, we see in Figure 10 that the reported N accel is far too small to be consistent with the reported N decay . A binary with a small period derivative should also have a proportionately small period second derivative if driven by runaway, unstable mass transfer. We note that when varying binary parameters over a wide range in mass ratio, donor structure, etc, we always find nearly consistent 10 3 10 5 10 7 10 9 N decay = 1/ Figure 10 . The N decay -N accel plane with a well-defined track set by models of stellar orbital decay due to unstable mass transfer. We show RLOF models matching the initial period derivatives of v1309 Sco and KIC 9832227. The dashed line shows the period range where v1309 Sco had become obscured (Pejcha 2014) . The overplotted data are from (Molnar et al. 2017) . Errors are propagated on the KIC 9832227 from reported one sigma errors. For v1309 Sco, no errors are tabulated by (Molnar et al. 2017) , so errors are propagated assuming similar fractional error to KIC 9832227 (However, the scatter indicates that the errors may be underestimated). The bulk of the data points for v1309 Sco lie along a locus of similar N decay -N accel to the RLOF model. However, for KIC 9832227, when N decay is consistent with the data, the measured N accel is approximately an order of magnitude too low to be consistent with the RLOF model. We find that across parameter variations, the RLOF model N decay -N accel tracks are well approximated by equation (10).
values, within a half dex of, log 10 (N accel ) ≈ 2 3 log 10 (N decay ) − 0.7.
This implies that the following combination of derivatives is a constant,τ
The N decay -N accel plane can thus serve as a useful discriminant of whether candidate merger progenitors are consistent with the unstable mass transfer scenario.
Limitations and their Importance
It is important to acknowledge several limitations of our simulation and orbit-reconstruction methodology that may affect the application of the RLOF model to realistic binaries. The full covariances of binary parameters have not been fully explored. The present primary limitation is that we have chosen to perform our hydrodynamic model calculations with relatively high spatial resolution of the donor star and mass transfer region. This is important to preserve the stability of the quasihydrostatic donor star, and to accurately model the progression from gradual to rapid mass transfer (MacLeod et al. 2018a ). However, this choice leads to a moderate computational expense for each model, 5 which necessarily limits the parameter space that may be explored in methodologically related work (for example, see Nandez et al. 2014; Kadam et al. 2018) .
A key simplification that we make as a result of these limitations is adopting two model donor star structures, as modeled by polytropic envelopes (with polytropic index Γ s ) surrounding a central condensed core. This gives an indication of the range of possible outcomes given different donor star structures, but cannot guarantee that a realistic donor structure will be accurately represented. Similarly, we adopt an ideal gas equation of state, and vary the adiabatic index γ ad through the range of possibility. Finally, and perhaps most importantly, we do not co-vary each of the possible parameter combinations and instead largely perform one dimensional surveys along each axis of our selected parameter space. This greatly reduces the computational expense at the cost of uncertainty on the validity of results in untested parameter combinations.
In the future, targeted calibration surveys of hydrodynamic models could be performed with, for example, realistic donor stars, equations of state, and more realistic treatment of physical processes that may affect how mass is lost from the binary system. One such physical process is radiative heating and cooling, as this will introduce scale dependence into our presently dimensionless hydrodynamic models. A lower-density, larger radius donor will have different ratio of radiative diffusion timescale to dynamical timescale, and effectively more compressible gas in some parts of the flow. Magnetohydrodynamical stresses are similarly not presently modeled and could be important in removing material from the rotating flow around the accretor (for a parallel discussion of these concerns, see Hubová & Pejcha 2019) .
Despite these limitations to our present approach, our current results do provide guidance as to the degree of sensitivity of the parameters that describe binary orbital evolution to differences that arise across the parameter space of binary systems.
SUMMARY AND CONCLUSIONS
We reported on a parameter survey of threedimensional hydrodynamic models of binary system coalescence. These models apply to giant stars merging with more compact companions such as main sequence stars or compact objects (the accretor is unresolved in our simulations and is treated only gravitationally, as a point mass). In each case, we initialized the model system at a separation less than the Roche limit but greater than the donor's initial radius, and observe the phase of unstable mass transfer and orbital tightening that ensues.
For each of the models we have simulated, mass transfer is, by construction, unstable, in that it runs away to higher rates and drives the orbit to decay toward coalescence. We analyzed the phase during which the separation is greater than the donor's original radius, and considered models with varying mass ratio, donor star spin and structure, and gas equation of state (see Table  1 ). Rather than realistically pertaining a particular binary system, these models were intended to span some of the possible parameter space of pre-common envelope binary interactions.
Some of the key findings of this analysis are as follows:
1. Orbital evolution is driven by mass exchange and the torques this mass exchange imparts on the binary. We measure two key uncertain parametersthe donor star mass loss rate and the specific angular momentum imparted to material lost from the donor -using our hydrodynamic simulations. These measurements complete the ability to solve coupled, semi-analytic expressions for donor mass loss and orbit evolution, as described in Section 2.
2. We find that the functional form of donor star mass loss rates as a function of time and separation are robustly well-matched by the model of Paczyński & Sienkiewicz (1972) , equation (3) (Section 4 and Figure 3 ). We compute the best-fit value of the normalizing constant α for the donor mass loss rate. We find that typical values are similar to one, with variation by a factor of a few. Figure 4 shows how α varies with changing binary model parameters, and we present an approximating formula in equation (5).
3. We compute the mass-averaged specific angular momentum carried away from the binary by material lost from the donor in Section 5. Typical values of the specific angular momentum of the material removed from the donor then lost from the binary are between the angular momentum of the accretor and the outer, L 2 Lagrange point. We examine the ways that γ loss varies with binary parameters in Figure 5 , and present an approximating formula in equation (6).
4. In Section 6, we discuss the resultant orbital decay and how it differs significantly in binary systems with differing parameters. The orbital decay rate is a function of the donor mass loss rate and is, therefore, particularly sensitive to the binary mass ratio and the donor star structure. Donor models with centrally condensed Γ s = 1.35 envelopes yielded much slower orbital evolution than donors with Γ s = 5/3 envelopes ( Figure 6 ).
5.
We demonstrate that, when calibrated with measurements from simulations, the point mass orbit evolution expressions reproduce the main behaviors of runaway orbital decay and escalating donor mass loss rate. We encapsulate a tool to perform these integrations into a python package, RLOF, which is publicly released accompanying this work (Section 6.2.1). We demonstrate the performance and shortcomings of this tool in Figures 7 and 8 using our simulation models.
6. We demonstrate that the RLOF model can reproduce the observed orbital decay and time of outburst of v1309 Sco (Figure 9 ). We find that orbital decay from unstable Roche lobe overflow leads to a well-defined track in a plane defined by orbital period, and its first and second derivatives. This N decay -N accel plane is shown in Figure 10 and may prove to be a useful metric to identify and validate eclipsing binary candidates for future binary merger.
In being based on a limited set of hydrodynamic models, there are very likely parameter combinations of astrophysical relevance that are not modeled in this work. Additionally, as we discuss in Section 7.3, the specific angular momentum imparted to material lost from the binary is sensitive to the gas flow around the accretor. This implies that currently unmodeled physical properties like radiative diffusion and cooling or the magnetic field of the donor star could conceivably impart meaningful deviations from the dimensionless gas dynamical models we consider here.
Future refinements notwithstanding, the degree to which the RLOF point-mass model can reproduce the main features of binary coalescence is very promising for the application of this rapid integration method to future binary merger candidates, rapid binary population synthesis models, and the construction of initial conditions for hydrodynamic models of later stages of common envelope phases.
APPENDIX

A. SIMULATION SNAPSHOTS AND ROCHE LOBE OVERFLOW MORPHOLOGY
In this appendix, we provide model snapshots at various binary separations for each of the simulation models referenced in this paper. These snapshots are taken as slices of density through the orbital plane of the binary system, and are presented in rotated, x -y coordinate system such that the accretor, M 2 , always lies along the +x -axis. Length units are in original donor radii, R 1 , and density is in units of M 1 /R 3 1 . The details of the snapshots plotted are as follows:
• Figure 11 shows slices of models with varying binary mass ratio, q. From top to bottom row, we show models E, A, and F, respectively.
• Figure 12 shows slices of models with varying initial donor rotation, parameterized by f corot . From top to bottom row, the models are A, B, C, and D.
• Figures 13 and 14 show models with varying adiabatic index and q = 0.1 or q = 0.3, respectively. These models share structural polytropic index Γ s = 1.35. In Figure 13 , from top to bottom, the models shown are G, H, and I. In Figure 14 , from top to bottom, the models shown are J, K, and L.
• Figure 15 shows models with differing structural index, Γ s . These models are model M (top) and I (bottom).
B. SOFTWARE AND DATA
Along with the publication of this paper we publicly release software tools and data to reproduce our results and model other binary systems.
• The reduced data products of our simulation models, including the data shown in Table 1 , the full history of binary motion and integral quantities, input files associated with each simulation model, and the software to reproduce the figures in this paper are released at https://github.com/morganemacleod/BinaryOrbitEvolution
• The RLOF software package described in Section 6.2.1 is released at https://github.com/morganemacleod/RLOF
• The polar-averaging scheme that we employ to reduce the impact of the coordinate singularity at the poles in Athena++ hydrodynamic setups is released along with an example problem at https://github.com/ morganemacleod/athena-public-version/tree/polar-zone-avg Figure 11 . Slices through the orbital midplane of binary coalescence models with varying mass ratio. Each row shows a different mass ratio, while columns show fixed binary separations. Slices are plotted in rotated x − y coordinates such that the accretor lies along the +x -axis. Density is shown in code units of M1/R 3 1 . As mass ratio increases we see that the accretor's tidal force distorts the donor star to increasing degrees and that the stream of material flowing away from the binary intensifies. Surface waves excited by resonances between the tidal forcing and the orbital frequency are present in each mass ratio, but are particularly evident in the q = 0.03 model (MacLeod et al. 2019) . Figure 15 . Slices of logarithm of gas density through the orbital midplane, as in Figure 11 . Each row shows snapshots of models with different donor star structure, parameterized by the polytropic index of the envelope, Γs.
